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1. Introduction

Because of asymptotic freedom, one thinks that the structure and properties of high-
temperature quantum chromodynamics (QQCD) should be accessible by perturbative means,
however these are organized [f[]. Originally, the standard loop-expansion [, fj] ran into
difficulties when attempting to describe the properties of slow-moving particles: gauge in-
variance was lost [], a consequence of the fact that the standard loop-expansion did not
reflect anymore a systematic expansion in powers of the small coupling constant. A re-
organization of lowest-order terms in the correlation functions was therefore necessary and
indeed performed: the so-called hard thermal loops (HTL) were systematically extracted
from one-loop order diagrams and added to the lowest-order quantities [J—[12]. It should
also be mentioned that the need for resummation of standard loop-expansion is not peculiar
to non-abelian theories but is also necessary in the abelian case, for quantum electrody-
namics (QED) [[J and scalar QED [[[J, as well as for the simpler *-theory [[4]. Thus
are formed dressed propagators and vertices and a convenient description of the slow-
moving quasi-particles becomes possible. Next-to-leading order quantities, in this new
framework, are obtained via one-loop diagrams involving these dressed propagators and
vertices. In this new context, some of the old difficulties are cured but others persist, most
notably sensitivity to the infrared and the light-cone, essentially due to the fact that static



(chromo)magnetic fields remain unshielded even after the HTL reorganization. In QCD,
these are thought of becoming screened at the so-called magnetic scale, which is believed
to manifest itself non-perturbatively in the dispersion relations at next-to-leading order.
Because of this, perturbation is believed to break down at some order, which depends on
the quantity under consideration [I§—[[7].

Still, useful information can be extracted from the perturbative regime. Indeed, using
this method, an early explicit calculation of the zero-momentum transverse gluon damping
rate shows that it is finite and positive [I§]. A similar computation for the quarks has
also been carried out independently in [[9] and [RQ] and it yields a finite and positive
number too. As for the calculation of static quantities such as free energies and screening
masses, these are most conveniently carried out in the imaginary-time formalism since
analytic continuation to real time is not necessary [RI|] anymore. For such quantities,
there exists a simplified resummation scheme [, based on the fact that in Euclidean
formalism, the momentum can be soft only for the zero mode in the Matsubara sum.
Hence dressing is necessary only for the static propagators, and calculations based on this
are relatively simpler to carry out than those of the full resummation, necessary when
considering dynamic quantities. The ‘reduced’ approach has been used in many instances
like in the study of phase transitions in gauge theories 23], the calculation of the free energy
in pt-theory and QCD [R3, B4] as well as in the computation of the electric screening mass
in QED and scalar QED PT]. Other important quantities in this regard are the next-
to-leading order Debye screening length [R5 and next-to-leading order correction to the
gluonic plasma frequency [2q].

But as mentioned, difficulties still persist after HTL reorganization. For example, log-
arithmic sensitivity is encountered in an early estimation of the damping rate for a heavy
fermion [§, and more generally for fast-moving particles [27-B0]. Also, an estimation of
the damping of moving quasi-particles is logarithmically dependent on the coupling [B1, B9
Of particular importance in this regard is the work [BJ, B4] where it is emphasized that the
electron lifetime in the context of QED at finite temperature is plagued with infrared diver-
gences, even after taking into account screening effects, and this is due to the exchange of
unscreened ultrasoft magnetic photons with a contribution enhanced by the Bose-Einstein
distribution. It is shown that a finite-temperature generalization of the Bloch-Nordsieck
model allows the summation of the leading singular diagrams to all orders to obtain a
long-time behavior for the electron propagator of the form exp {—éj—gtln (eTt/ 3)} instead
of the generally assumed standard simple-pole behavior exp (—vt), where é is the QED
coupling constant, T" the temperature and + the damping rate. This clearly indicates the
complexity of the analytic structure of the theory.

The infrared problem was also emphasized when attempting to estimate the damping
rates of non-moving longitudinal gluons [BY, B and slow-moving quarks [B7, BY]. As
just hinted to, what is of concern here is, partly, the analytic properties of QCD at finite
temperature in the infrared. In order to investigate some of these properties, the context of
scalar QED is useful because it offers a simpler setting in which calculations are facilitated
by the fact that there are no hard thermal loops in the vertices and those related to



the scalar self-energy are momentum independent [[L3]. This situation allows sometimes
carrying out almost complete momentum-dependent calculations. Of particular interest to
us is an issue raised by the works [B5, Bf]: in order to carry forward analytically, one had to
expand in powers of the external momentum p, considered ultrasoft to ensure the validity of
the expansion, to allow one to perform intermediary solid-angle integrals which would have
been, otherwise, intractable analytically. The particular feature of this expansion is that it
was done in the imaginary-time formalism, before the Matsubara sum was performed and
the analytic continuation to real energies taken. The subsequent appearance of infrared
sensitivity in the final coefficients may then be linked to this ‘early expansion’. This is
more significant if we know that the damping rate for non-moving longitudinal gluons has
to be equal to the corresponding finite one for transverse gluons [BY].

To tackle this specific issue in more depth, we embark in this work on the investigation
of the next-to-leading order dispersion relation for scalars with ultrasoft momentum p in
the context of next-to-leading order HTL perturbation of scalar QED. We will examine
both the damping rate v, (p) and the energy ws (p). Note that the damping rate 7, (p) has
already been investigated in [i(] and found, to second order in p, logarithmically infrared
sensitive. In this work, the expansion of v, (p) is pushed to fourth order in p and that
of ws (p) to second order. What is interesting is that we perform the expansions by two
different methods: (i) We delay the momentum expression until after the Matsubara sum
is performed and the analytic continuation to real energies taken. As for the damping rate
v4 (p), we will find the coefficient of second order logarithmically sensitive to the infrared
cut-off 7 as in [ whereas the coefficient of fourth order will behave like 1/7? (odd-order
coefficients cancel). As for the energy ws (p), no infrared sensitivity will appear. (ii) We
perform the early-momentum expansion and carry on with steps similar to [B3, Bf]. We
find exactly the same results as those of the previous method. This must alleviate some
pressure on the early-momentum expansion method: it may not be responsible for the
appearance of infrared sensitivity. In the context of QCD, there is simply little hope of
obtaining compact analytic expressions, and expansions such as the early-momentum one
are sometimes necessary.

This article is organized as follows. After this introduction, the second section recapit-
ulates the hard thermal loops and the dressing of the propagators. Section three discusses
the calculation of the scalar damping rate v, (p) by the two methods and section four the
calculation of the scalar energy ws (p). Section five is devoted to the discussion of the re-
sults and includes some concluding remarks. An appendix is added and includes technical
details from section three for which there is no need to display there.

2. Dressing the propagators and the dispersion relation

Let us first recapitulate the results giving the propagators and vertices to be used in
the forthcoming next-to-leading order calculations. We use the imaginary-time formalism
in which the four-momentum is P* = (pg,p) such that P? = pg + p? with the scalar
Matsubara frequency pg = 27nT’, n an integer and T the temperature. After the evaluation



of all frequency sums, pg is analytically continued to the real external energy w using the
analytic continuation pg = —iw + 0.

2.1 Dressed propagators

To leading order, the self-energies are obtained from undressed one-loop diagrams. For soft
external momenta, that is for w and p of order e1" where e is the coupling constant, the
dominant contributions to these diagrams come from loop momenta of the order of T', the
hard scale. These contributions are called hard thermal loops. For the scalar self-energy,
the hard thermal loop is given by [[[J:

0% = —m?

S

(2.1)

with mg = €T'/2, the scalar thermal mass. Note that §% is momentum independent. When
dressed with the hard thermal loop, the leading-order propagator for the scalar becomes:

1

(2.2)

The hard thermal loop 6II*Y in the photon self-energy is given in [[i(] and can be
expressed in terms of two independent scalar functions 0II;(K) and 6II;(K) given by:

STL(K) = 3mjp Q1 (%) ;o OIL(K) = %mﬁ [Qs <%> - @1 (%) - g] ;o (23)

where m,, = eT'/3 is the photon thermal mass and the @;’s are Legendre functions of
the second kind. In the strict Coulomb gauge, the components of the dressed photon
propagator *A,, (K) are as follows:

"Ago (K) = "A(K),  "Agi (K)=0;

Dy () = (655 = kiky) A (K), (2.4)

where *A; and *A; are the propagators for the longitudinal and transverse photons respec-

tively. They have the following expressions:

1 1

*AI(K):WHI(K); *At(K):m-

(2.5)

Now one peculiarity of scalar QED is that the vertices remain undressed, i.e., unaffected
by the hard thermal loops [[J]. The vertex with one photon and two scalar external lines
(Q incoming, P outgoing) is:

r (Pa Q) = —¢ (P + Q)N ) (26)
and the vertex between two photons and two scalars is momentum independent and writes:

TH = 2¢2 6, (2.7)



2.2 Dispersion relation

The scalar damping rate v, (p) and energy ws (p) are obtained from the scalar complex

energy w which satisfies the following full scalar dispersion relation [f0]:
wZ = p2 - (va) ) (28)

where ¥ (w, p) is the full scalar self-energy. Taking into account the next-to-leading order
terms in e and expanding everything around the leading order result wsg (p) (squared) for

fixed p, we obtain:

w? = p? — 6% (ws0,p) — *T (ws0,p) — (W? — w?) 0p20% (,p)] +0(e'T?) . (29)

T=Ws0

In this relation, wy (p) = /m2 + p2, pole of *A, (P) from (R.J) and solution to (R.§)
to lowest order. X is nothing but the hard thermal loop given in (R.1)) and *¥ is the

next-to-leading order contribution. Using (R.1), we can rewrite (R.9) as:

w? =wl) — *T(ws,p) + O (e'T?). (2.10)

S

The full energy w(p) is in general complex. If we denote its real part (the scalar

energy) by ws (p), then we have:

Red*% (ws0,p)

3
2o + 0 (e’T). (2.11)

Ws (P) = Ws0 —

The prefix § before *¥ in (R.11)) indicates that the known leading hard-thermal-loop contri-
bution has to be subtracted for ultraviolet convergence [[[3]. The damping rate for scalars

is defined by v,(p) = —Imw (p). It is e-times smaller than ws(p), and so we have to lowest
order [[(]:
1 *
Vs (0) = 5= 1Im "3 (ws0,p) + O (°T) (2.12)
Ws0

We see that determining «, (p) to lowest order in e and ws (p) to next-to-leading order
amounts to calculating the imaginary and real parts of the next-to-leading order scalar
self-energy *3. From now on, we assume the scalar momentum p ultrasoft, i.e., of the order
of €>T. Also, we will take m, = 1 in the sequel, to ease the notation. We will reintroduce

it back in the final expressions.

3. Scalar damping rate

We start by calculating the damping rate v, (p). The self-energy *X is the sum of two
contributions [[I0]:
U=+ *22, (31)

where the contribution *3, shown in figure i [AT]], is a one-loop dressed diagram with two

one-photon-two-scalar vertices given in (R.6):
51 (P) = Trsore [T (P, Q) "As (Q)T(Q, P) "A (K] (3:2)

and the contribution *Y5, shown in figure [, is the dressed tadpole diagramwith a two-
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—P> —0-— > -

Figure 1: HTL-dressed one-loop-order scalar self-energy *¥;.

photon-two-scalar vertex given in (2.7):

»— — —_— —

Figure 2: Next-to-leading order HTL-dressed scalar self-energy *3,.

*22 = Trsoft []:WV *AMV (K)] . (33)

In the above two relations, K is the internal photon loop-momentum, ) = P — K and
Tr = TY,, [ d®k /(27)® with ko = 2n7T. The subscript ‘soft’ indicates that only soft
momenta are allowed in the integral. To take account of potential infrared sensitivity, we
will introduce an infrared cutoff 7 in the k-integration.

It turns out that *Xs is real. This is because there is only one dressed propagator
involved in its expression (B.3) and the vertex there is undressed. It will also turn out to
be momentum independent, see (.§). Therefore, *¥5 does not contribute to the damping
rate 7y, (p); it will only shift the mass mg of the scalar. We thus can simply write:

1
B 2wso

s (P) Im *¥4 (wso,p) + O (63T) , (3.4)

and henceforth, we will not manipulate *3s until we reach the calculation of the scalar

energy ws (p) in section four.

3.1 Late momentum expansion

In this subsection, we will first perform the Matsubara sums and analytically continue to
real energies before expanding in powers of p. Using the structure (R.4) of the photon
propagator in the strict Coulomb gauge and the expression of the one-photon-two-scalar
vertex (R.6), we see that *31(P) is composed of two terms. The first term involves lon-
gitudinal photons and is denoted consequently by *3q;(P), and the second one involves
transverse photons and is denoted by *¥1;(P). Let us look first at *¥;(P). We have:

3
(P = 1Y [ [m ko 81060 *8,(@)] (35)
ko g



Writing explicitly the integral over the solid angle of k in a reference frame where p is the
principal axis, we have:

. 62 +o0o +1 . .
Su(P) = 5Ty /77 e 1 / s (200 — Ko)? *A1 (ho.k) *As ()] . (36)
ko -

with x = Rﬁ Note that ¢ = \/k2 — 2pkx + p2, which makes the integral over = not feasible
for the moment.

We want to perform the Matsubara sum over ky. For this, we use the spectral decom-
position of the two dressed propagators. In general, we have [

1/T ] 400
A;i(ko, k) = / dr kot / dw p;(w, k) (1 +n(w)) e, (3.7)
0

—00

where i stands for [,¢ or s and n(w) is the Bose-Einstein distribution. The explicit ex-
pressions of the spectral densities p; are displayed in (B.I9)-(B.1§) below. Making this
replacement, the sum over ky can now be performed. The subsequent steps are standard:
One imaginary-time integration is eliminated by a delta function and the second one yields
an energy denominator. Everywhere except in the energy denominator pg is replaced by
2nnT. The analytic continuation to real energies is taken at this stage and obtained by the
replacement ipy — wso(p) +407. The imaginary part is extracted using the known relation
1/ (z +i0") = Pr(1/x) — iwd(x). We thus have:

—+o00 +1 +oo 2(.0 )
Im *Sy(P) = — 2= dk k2 d o $s0 (2ws0 — k o — .
msu(P) = =G0 [kt [ e [ a0 T ok, o~
(3.8)

In the above relation, only soft values of w are to contribute in the integral, and so we have
used the approximation n (w) ~ T'/w.
The transverse contribution *Xi; is handled in similar steps and we obtain for its

imaginary part the following expression:

Im *¥ (P)—e2—T 2/+Oodkk2/+1dx(1—x2) /+00de (W, k)ps(wso —w, q)
1t -~ r p . . . W(WSO _w)pt y R)Ps(Wso 4)-
(3.9)

Note that the transverse contribution to 7, (p) already starts at order p.
Now dividing by 2w (p) as required in (B-4), we get the following longitudinal and
transverse contributions to the damping rate:

+o00 +1 +oo 2(4) _ w)Z
_ s+ 2 s0 _ X
Wsl(p) = St dk k / / WSO — w) P (wa k) Ps (wSO w, Q) )
T o [t o [t +<>° (1-a?)
= — - . .1
Yo ) = S / ki [ o [ o= k) (w0~ i) (310)

According to (B.4), the damping rate itself will be:

Ys (P) = Y51 (P) + 75t (D) - (3.11)



Next we move to perform the integrals involved in the expressions of (B.10) above. The
spectral densities p; , are known [(3, [

pre (W, k) = 310 (k) [6 (@ — wie (k) = 0 (w +wie (k)] + Bry (w, k) © (K =w?),  (3.12)

where 3,4 (k) are the residue functions and 3, ; (w, k) the cut functions. The residue func-
tions are given by:

w (w2 — kzz) w (w2 — kzz)
suk) = — ;o a(k) = , (313)
k2 (4/3 — w? + k2 2/3 — (w2 — k2)?
W3-+, _m W3 = (@ =B
and the cut functions have the following expressions:
2w . k+w\?  4rlw? -
=-=1(4 2ottt - = 14
8, (k,w) 3k[< ER nk_w> + o2 ] : (3.14)

w(k2 — wz) -

ﬁt(k7w) = 3k3

2 2 2\\2
3k?2 2kw k—w 3k3
Remember that all quantities are in units of ms. The spectral density p, does not have a
cut. It simply writes:

ps (W, k) = 35 (k) [0 (w — wso (k) — & (w +wso (K))], (3.15)

with 35 (k) = 1/2wsg (k).

We therefore replace the spectral densities by their respective expressions (B.19) and
B.19). The integration over w disappears with the delta functions of (B.1§). From the
expression of p;; in (B.13), there are going to be two kinds of contributions, i.e., a -
contribution and a ©-contribution. Because of kinematics, the §-contribution is always zero
whereas the ©-contribution survives. The integrations over x and k have to be performed
numerically. One would fit the behaviors of v (p) and ~,, (p) to several ultrasoft values
of p, but in the spirit of the present work and in order to make direct comparison with
the early momentum expansion method to be presented shortly, we display the results for
74 () and 7y (p) in powers of p to fourth order. We obtain:

2
T
Yo (p) = % [1.44253 + 0.309278 p* — 0.133949p" + O (p°)] + O (’T) ;
Y5
2T L
Yot () =—— | = (1.65937 + 1.62114In7) p
1.94537
1

The thermal mass mg has been reintroduced and here, p = p/m, and 7 = n/ms.

To order 72, these are the results obtained already in [f(]. Note that the longitudinal
contribution v (p) is safe from any infrared sensitivity whereas the transverse contribution
v (p) is infrared sensitive, this despite the fact that both contributions have been handled



in exactly similar ways. The reason why we have wanted to push the expansion to order p*
is to show that other forms of infrared sensitivity may appear, other than the familiar In7.
Indeed, we clearly see the power-like behavior 1/7? in the p*-coefficient of 7, (p). These
issues will be furthered in section five. According to (B.11]), the scalar damping rate is:
e’*T
vs (p) = Ton [1 44253 — (6.32820 4 6.48456In 7) p°
T
7. 78148

<285 172 + 229.6611n 7 +

> +0 (P )]+(’)(e3T). (3.17)

3.2 Early momentum expansion

Now let us perform the same calculation while introducing from the start an early mo-
mentum expansion, before the Matsubara sum and analytic continuation to real energies
are done. First we perform analytically the integrals over the solid angle of k in the same
reference frame where p is the principal axis. The difficulty comes from the presence of
functions of ¢ = \/k? — 2pkx + p?, mainly the scalar dressed propagator *Ag (qo, q). These
need to be expanded and, in order to do this, we use the following expansion to fourth

order in the external momentum p:

. 2 1_1.2
Belansa) = [1-pwon+ 2 [F 0 %0

— (1— 62+ bz*)

3 2 2 3 4
pr l—= _ L—a” R p
1— 622+ 5z k
* %f’k”w (1~ >3k+x—84 +0(p°) |"As (g0, k). (3.18)

Here 9, stands for 9/0k and, remember, 2 = k.p. Consider first *3;(P). Insert the above
expansion in its expression (B.§) and then perform the integrations over 2 which become
straightforward. All odd orders in p cancel out and we are left with:

» 62 +oo .
Su(P) = 55 TS0 [ b 2~ ho)? " (o)
ko V7

Only at this stage the Matsubara sum and analytic continuation to real energies are done.
Here too we replace the dressed propagators by their spectral decompositions given in (B.7)
and follow the standard steps sketched right after (B.7) in order to extract the imaginary
part. Dividing by 2w (p) as indicated in (R.1J), we obtain the following expression:

+OO 2(,0 0 — )2
- dk: k2 5 k
Tulp) = | Soaer” pile, )

[1 3 < O + 5k> 30 <3k + 8k> + 0O (pG)} ps(wso —w, k). (3.20)



The transverse-photon contribution *31;(P) is handled in similar steps. Dividing by
2wso (p), we obtain from it the following transverse contribution to the damping rate:

2e2T 5 [T dw
Talp) = / A e

Y [1 L2 (Eak +108) +0 ()] s = ). (3.21)

As one sees, there are different types of terms involved in (B.20) and (B.21). In the sequel,

we will briefly show how we carry through with the simplest of such terms and relegate the

others to the appendix.
The simplest of the integrals we have to handle is the one that involves a pp contribution
with no derivatives. Generically, we consider an integral of the type:

—+o0 —+o0
Ipp = / dk/ dwf(kaW,l _w)pi(w’k)ps(l _w’k)a (322)
n —o00

where ¢ stands for [ (longitudinal) or ¢ (transverse). According to the form of the spectral

functions (B.19) and (B.15), there are two kinds of contributions: a §9 (residue-residue)

contribution and a ©9 (residue-cut) contribution. The §d contribution requires that the
energies satisfy +wgo(k) & w;(k) = 1, four constraints which are always forbidden by the
dispersion relations. Hence the §§ contribution is always zero because of kinematics. The
©0 contribution writes

+oo +o0o
/ dk:/ dwf(kyw,1 —w)3s(k)B;(k,w) [0(1 —w —wsp) — (1 —w + wso)] Ok — |w)).
n —00

A non-zero contribution must satisfy w = 1 + wyg, together with —k < w < k. It is not
difficult to see that only the case w = 1 — wy(k) is allowed, and this for all values k > 7.
The integration over w is straightforward and we obtain for this type of integral:

+oo
I, - / k35 f (a1 — w30, ws0)Bs (ks 1 — wso) (3.23)
n

Note that only integrals of the type I,, contribute to the coefficient of lowest order in p
in the scalar damping rate. As already mentioned, the other terms are presented in the
appendix. They are worked out along similar lines, with more care when derivatives of
distributions are present.

At the present stage, we are ready to evaluate the integrals. Let us work out a specific,
general enough, example in some detail. Let us take it from the coefficient of p* in the
expression in (B:21]) for v, (p), namely the p, (w, k) Ogp, (1 — w, k) contribution. The cor-
responding function f is f(k,w,w’) = k/ (ww'). The integral involved is of the type I,,,,
see (A3). Let us look at the first term 3/ f(k, 1 — wso,ws0) By (k, 1 — wso) where wgo stands
here for wg (k). Using the expressions of f, the residue function 3, (k) given after (B.19)
and 3, (k,1 — wy) given in (B.14), we perform a small-k expansion of the product to obtain
the following small-k behavior:

30T (K, 1—ws0,ws0) 8 (k1 — weo) = —0.607927 /k+4.70205 k+30.0885 k> +O (k%) . (3.24)

,10,



It is clear that this is going to lead to a logarithmic divergence. To extract this divergence
from the integral, we split the latter into two parts: one integration from 7 to any finite
number plus one second integration from that finite number to +o00. The integral writes
then:

+oo
/ dk 3. f(k,1 — wso,ws0)B; (k, 1 — wgg) = 0.607927 In 1 — 0.607927 In ks (¢)
"

kso(€)
+ / dk (35 f (k1 — wao,ws0) B (k, 1 — wso) + 0.607927/k]
0

1
+ / dr 5 f (k.1 = ws0,w50)8; (b, 1 = ws0) |, ) - (3.25)
L

What we have done is simple. In the finite part (the third term in (B.2)), we have
changed the integration variable from k to x = k/wso(k), which implies that k = kso(x).
Note that & — oo implies  — 1. The finite value in question that splits the original
integral into two parts is then chosen in terms of z instead of k£ and is denoted by /.
The second term in (B.25) is the original divergent piece of the total integral from the
integrand of which we have subtracted —0.607927 /k in order to render it safe in the in-
frared, and hence the lower bound 7 is replaced by 0. We must then of course add the
contribution —0.607927 fn’fso(@) 4& = 0.607927 Inn — 0.607927 Inks(£). As already men-
tioned, the finite value ¢ is arbitrary, but practically it must be chosen small enough
in order to make the integral fokso(z) dk 351 (k,1 — wso,ws0) By (k,1 —wso) + 0.607927 /K]
numerically feasible. Indeed, though we are assured of its finiteness analytically, both
integrands 3. f(k,1 — wso,wso0) By (k, 1 —wso) and 0.607927/k are still each (here logarith-
mically) divergent for small k. However, when ¢ is small, we can use a small-k expansion
in order to get a number for the integral. We have pushed the expansion to O(k!!) and we
start having good convergence for already ¢ = 0.6. Also, we must (and do) check that the
final result does not depend on a particular value of £. We finally get:

+o0
/ dk3' f (k1 — weo, ws0) By (k, 1 — wep) = 0.607927 In ) + 0.702549. (3.26)
n

Now to the second contribution to the example we have chosen to detail, which is
f:oo dk wig3s O [f(k, 1 —w,w) B; (k, 1 = w)]|,—,,- A small-k expansion of the integrand
yields:

Wio3s O [f (k1 — w,w) By (k, 1 — w)]| ey, = —2.43171/k% +24.8687/k —208.701k + O (k).
(3.27)
Here we have a 1/n% behavior in addition to the familiar Inn. We therefore write:

+o0
/ dkw13038 800 [f(kvl _wvw) Bt(kvl _w)”w:wso
n
= —1.2159/0 +1.2159/k,(£)? — 24.86871In 1) + 24.8687 In k4 (¢)

kso(€) 2.43171  24.8687
+/ dk |:ng 35 au [f(k7 1- W, w) Bt(k7 1- w)”w:wso + ki?’ - k
0
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1
+/€ dx w{9038 O [f(ka 1—- w7w) ﬁt(ka 1- w)”k:kso(m) : (3'28)

We have proceeded as already explained. The integrations are smooth and no additional
particular problem arises. Good convergence starts at £ = 0.6 and the ¢-independence of
the sum is checked systematically. The final result is:

+o0o
/ dkw! o350, [f(k, 1 — w,w)B(k, 1 — w)] ‘w:WsO = —1.2159/n* — 24.86871In 71 — 27.2104.
n
(3.29)
Putting these two contributions together, we arrive for this specific example at:
Ipakp’example = —1.2159/n% — 24.26077Inn — 26.507851. (3.30)

All the terms are treated along similar steps: infrared divergences are systematically
detected by a small-k expansion and extracted manually; the finite-part integrals performed
numerically. We sum all the contributions and obtain exactly the two results (B.16) for

Vs (p) and v, (p), namely:

2
T
Yo (p) = iﬁ—w [1.44253 + 0.309278 5> — 0.1339495" + O (5°)] + O (3T) ;
2T 5
Vst () = | (1.65937 + 1.621141In7) p

1.94537
+ (71.3264 +57.4152In 7 + —— ) pt+0 (p6)} +0(e*T). (3.31)
1

Note that by this method too the longitudinal contribution v, (p) is free from any infrared
divergence whereas the transverse contribution is infrared sensitive.

4. Scalar energy

Now we turn to the determination of the scalar energy wg (p) to next-to-leading order in
the coupling constant e. It is defined in (.11)). We want also to obtain it in both the late
and early p-expansion. We will see that in this case too the same result is obtained, free

from any infrared divergence.

4.1 Late momentum expansion

Recall that the next-to-leading order self-energy *¥ is the sum of two diagrams *>; and *3,,
see (B1), (B2 and (B-3). Recall also that we have stated that *3s is real. Indeed, using
the structure of the two-photon-two-scalar vertex (m) and that of the photon propagator
in the strict Coulomb gauge (R.4), we have:

=227 / (;.137/;:3 *AUK) + 2 A(K)]. (4.1)
ko
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The angular integrals over the k-solid angle and the sum over ky are done as explained
before. No p-expansion is needed. We obtain the following expression:

“+o00
= S [T [T e o n, (12)
T Jy e W
as just restated, real. On the contrary, *3; has an imaginary part which we have just
manipulated in the previous section, both with late and early p-expansions. One useful
way to obtain the real part of *3; is to use its imaginary part and the following dispersion
relation [[13]:

400 d
Re Tr* Ay ¢ (ko, k) "As(q0, q) f (k) = / - Z} ; W[Im Tr* Ay (ko, k) " As(qo, @) f (k)]wo=t-
(4.3)

Using this dispersion relation and performing the Matsubara sum before any momentum
expansion, we obtain for the real part of the longitudinal contribution *X; the following
expression:

T +o00 dt +1 +oo 2(4)0 )2t
Re *Y(P) = dk k? d 5 k)p.(t— .
ermu(p) == [t [ [ [0 B )
(4.4)

Remember, 2 = k.p. For the transverse contribution *X1;, we obtain the following expres-

2T oo “+o0o dt +1
Re "¥14(P) = —5p / dkk;?/ / dz (1 — 2?)
n —1

— 00 t—wso

sion:

T dw
X/Oo mtpt(ka)Ps(t—w7Q)- (4.5)
The next step is to perform the integrals in ([.3), ([£.4) and ([F). For *¥5, we replace
the photon dispersion relations by their expressions in (B.19). The residue part leaves one
integration over k and the cut part restricts the integration over w between —k and k.
Otherwise the integrations themselves are done numerically. No early or late momentum
expansion is necessary and no special problem arises. In particular, the infrared behavior
is safe. Recall that we have to subtract the leading order terms for ultraviolet convergence
as indicated after (R.9). From the longitudinal photon we obtain —0.183776 ¢2T and from
the transverse photon —0.000443967 2T, a much smaller contribution. Summing the two,
we get:
Ny = —0.18422¢°T + O (e°T) . (4.6)

No p-dependence as announced previously, which means *>5 will only correct the scalar
thermal mass mg, a correction free from any infrared divergence.

To perform the integrations in ([.4) and ([L.§), we replace the scalar and photon spectral
densities by their respective expressions (B.15) and (B.13). Because the scalar spectral
density does not involve a cut, the integration over ¢ is trivial. Here too we could give values
to the external momentum p and fit the resulting curves, but in the spirit of the present
work and in view of the coming comparison with the results from the early momentum
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expansion method, we expand the integrand in powers of p and perform analytically the
integration over x. The residue part in the photon spectral density will only leave the
integration over k£ whereas the cut part will restrict the integration over w. The remaining
single and double integrals are done numerically. Here too no special problem arises and
the infrared region is safe. After subtracting the corresponding leading-order terms for
ultraviolet convergence, we obtain:

Re *S1(P) = €*T [-0.0746037 — 0.0201876 5* + O(p*)] + O (e*T) ;
7).

Re *E14(P) = €T [-0.165908 p> + O(p*)] + O (€* (4.7)

It remains to sum ([.§) and (.7) and divide by 2w (p) as instructed in (P.11) to obtain

the scalar energy:
ws (p) = ms [(140.258824 ¢ + O (e?)) + (0.5 + 0.056684 ¢ + O (¢?)) p* + O(p)] . (4.8)

4.2 Early momentum expansion

Finally, let us recalculate the scalar energy ws (p) while introducing the expansion in p at
an early stage, before performing the Matsubara sum. Since *3s does not depend on p,
it will not be affected by this expansion; only *3; is affected. As in the calculation of
v, (p), the integration over x becomes straightforward. We do the Matsubara sum and
analytically continue to wsg (p). We obtain for the longitudinal contribution:

5 +00 +o00 dw
Re *% dk k _ k
€ ll / / — W0 / W (t — w) Pl(w, )

t (2wgo — w)? [1 +3 (kak + 53,3) +} po(t —w, k). (4.9)

Odd powers in p cancel. The transverse contribution ([L5) is already of order p? and
does not need further p-expansion. The z-integral done, Matsubara sum and analytical
continuation to wyg (p) performed, we obtain:

4€2T —+oco —+o0 dt 400 dw
S (P) = 2 dk k> — ¢ k)p.(t —w, k).
Re *S(P) = 5o | [ B e R
(4.10)

What remains now is to plug in the expressions of the spectral densities and perform

the integrals over w and ¢, and then over the momentum k. The scalar spectral density
ps has no cut part, which makes the integration over ¢ simple. The residue part in p;,
eliminates the integration over w and the cut part restricts its limits. Numerical work is
needed for the rest. Here follows a display of generic terms. First we have the type:

+o0 +o0 —+o00
R,, :/ dkz/ dt/ dwf(k,w,t)p;(k,w)ps(k,t —w)
n —o0 —o0

—+oco
= / dk (31 3s[f (k, wi, w; + weo) — f(k,wi,wi —wso) — f(k, —wi, —wi + wso)
n

+ f(k, —wi, —wi — wyo)]
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+k
+ /—k dwasﬁi (k’w) [f(k:’w’w + wsO) - f(k’waw - wsO)H' (411)

The subscript ¢ stands for [ or . Note that only integrals of type R,, contribute to the
coefficient of zeroth order in p in the real part. The second type of integrals is the following:

+oo +oo +oo
Rpo,p = / dk/ dt/ dwf(k,w,t) pi(k,w) Okps(t —w, k) (4.12)
n —00 —00

- /7:00 dk [3i350f (k, wi,wi +ws0) — f(k,w;i,w; —ws) — f(k, —wi, —w; + wso)
+ fk, —wi, —wi — ws0)] + wWho 3i 35[0 (f (b, wis 1) + F(k, —wiy =) |i—ey. 4o
+ 0y (f(kywi t) + [k, —wi, )]y — o] + /:k dw [3,8;(k,w) [f(k,w,w + wso)
— [k, w,w = w0)] + wio 3s0; (k, ) [ O f (B, w, )] y— g + Orf (Byw, )|y ]

The third and last type of integrals is the one involving a second-order derivative in k; it
writes:

+oo +oo +oo
R,s2, :/77 dk /_OO dt/_oo dwf(k,w,t) p;(k,w) O2ps(t — w, k) (4.13)

+oo
= / dk [31' (3{9, + wg()asatz) [(f(k’ Wi, t))|t:wi+wso - (f(k’ Wi, t))|t:wi—wso
n

- (f(k? —Wi, t))|t:—wi+wso + (f(k’ —Wwi, t))|t:—wi—wso] + (2("/80 3; + wls/O 33) di
X [at(f(kv Wi, t) + f(k7 —Wi, _t))’t:wi+wso+ (%(f(k, Wi, t) + f(k7 —Wi, t))‘t:wifwso]

+k
+ /k dw [(3{9, +3sw;203t2) ﬁi(kaw) [dfzf(k?w?t)‘t:w-i-wso B agf(k’w’t)hzw_wso}
+ (2wio 35 + wio3s) Bi(ksw) [Oef (B, w, )]y + Oef (ks )] i—y—uo] ] -

Using these generic results, we perform the integrals numerically. We do not encounter
any additional problem and we find all the integrals safe in the infrared. Here too we have to
subtract the leading-order terms for ultraviolet convergence and, putting all contributions
together, the numerical integrations yield the result:

wg (p) = my [(140.258824 ¢ + O (e2)) + (0.5 + 0.056684 ¢ + O (e?)) p* + O(p*)] . (4.14)

This is exactly the same result ([L.§) obtained with the late momentum expansion. We
should note the fact that there is no infrared sensitivity in the above expression, even
though it has been technically more involved to derive than the damping rate v, (p).

5. Discussion

This work aimed at calculating the damping rate v, (p) and energy w, (p) for scalars in the
context of next-to-leading order hard-thermal-loop perturbation theory of scalar QED. For
each of the two quantities, we have carried out the calculation in two ways: using both a late
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and early external momentum expansion, respectively after and before the Matsubara sum
is done and the analytic continuation to real energies taken. Though technically different,
both methods yield the same results for the damping rate and energy.

As mentioned in the introduction, this issue is particularly interesting in view of an
early work [BH, Bd] in which the early momentum expansion was used in the context of next-
to-leading order hard-thermal-loop perturbation of hot QCD in order to extract analytically
a value for the non-moving longitudinal-gluon damping rate v, (0). The very definition of
that quantity imposed a systematic expansion in powers of the external momentum p, at
least to second order. From a technical point of view, the question was where to perform
the expansion. Ideally, the latest possible, at least after the Matsubara sum and analytic
continuation to real energies are done. But technically that was unfortunately not feasible
in QCD because of the complication of the intermediary steps, at least if one wanted
to carry through analytically. The early momentum expansion was used instead, and
legitimately the occurrence of infrared sensitivity of the result was partially incriminated
on this particular step.

The present work shows that infrared divergences can occur without the early momen-
tum expansion. This is clear in the transverse contribution 7, (p) to the scalar damping
rate, see (B.16). Remember that up to order p?, this result with the logarithmic diver-
gence is already found in [[iJ]. The reason we have pushed the calculation to order p? is
to demonstrate that other forms of divergences do occur, here a 1/n?. This was the case
in QCD too. Since these results are obtained without the early momentum expansion and
the same results are obtained with it, we think we have here a strong indication that this
latter is not responsible for any infrared sensitivity.

Furthermore, infrared sensitivity is not systematic when we perform a momentum
expansion, late or early. This is exemplified in the longitudinal contribution v, (p) to the
damping rate, see (B.16), and, maybe more pertinently since the calculations are more
intricate, in the scalar energy wg (p). It is true that only fourth order in p is included in
the determination of v, (p) and second order in the determination of w; (p), but the trend
of the calculations indicates that higher-order coefficients will eventually be safe.

A couple of objections may still rise. First, one could argue that in fact, the late
and early momentum expansions are actually the same for the quantities we have treated
since the expressions of these, before any momentum expansion is performed, are still not
analytically closed in terms of p. To answer this objection, one can go to the photonic sector
of scalar QED treated in [[[3]. Indeed, the HTL-summed next-to-leading order photon self-
energies are evaluated in closed form for all w and p. Let us focus only on the longitudinal
photons. Three regions in w and p are to be distinguished: w? < p? (region 1), p? < w? <
4m? + p? (region II) and 4m? + p? < w? (region III). The longitudinal next-to-leading
order HTL-summed photon self-energy is found to have the following expression [[3]:
e?T w? — p? w? <2ms—i(e—|—p)>]

4 2t —i—1
mg + 21€ — 1 n 2m8—i(€—p)

61 (w, p) = S ’

(5.1)

where the prefix § indicates here too that the known leading hard-thermal-loop contribution
has been subtracted for ultraviolet convergence, and € = O in regions I and IIT and ¢ = i |©|
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in region II, with ©2 (w, p) = w? (w2  — 4m§) / (w2 — p2). The full longitudinal-photon
dispersion relation is:

Ql2 = p2 + Hl (Ql,p) 3 (52)

where II; is the full longitudinal-photon self-energy, and, up to next-to-leading order, writes:

6 "1 (wi, p)
OF (p) = wi ’ 5.3
where 011; (w, p) is the hard thermal loop given by [1J]:
2
tp
oIT 32 (1) (1YL e? 5.4
l(va) mp( p2>< 2p nw_p ’ ( )

with m, = eT'/3 the photon thermal mass and w;(p) the on-shell longitudinal photon
energy, solution to (@) to lowest order where only the hard thermal loop is kept in the
self-energy. Using (p.4), we can rewrite (R.9) as:

2w7 (p)
3m2 +p? — wi (p)

OF (p) = p? + 610 (wi, p) + 610 (wi, p) - (5.5)
Remember that all these results involve no expansion in p and the Matsubara sum and
analytic continuation to real energies are already done. Also, all intermediary integrals are
performed. Now we expand. The region of interest to us is region II, where we are allowed

to perform the following expansion:

3. 3 ) N
w(p)=1+—p*——p*+0 (1% p=p/my. (5.6)

Using this, we perform the expansion of (2.10) in powers of p. It is straightforward and we
find:

OF (p) =m2 | (1-0.368¢e+ O (%)) + <§ —0.0536¢ + O (e2)> P+ (9(134)] . (57)

Here we have together the leading and next-to-leading orders in the coupling e. Note that
there is no infrared sensitivity. What remains now is to perform the expansion in powers
of p before the Matsubara sum and analytic continuation to real energies are done, and
carry on with steps similar to what we have gone through in this work. This we do and we
obtain exactly the same result (5.7). There is no need to display the results we think. This
is an additional indication that the early momentum expansion works. Of course, when it
can be avoided like in the present context of scalar QED, there is no need to use it. But
in the context of hot QCD, a more realistic theory, it is sometimes necessary if one wants
to manipulate analytically.

One may then argue that if the calculations are to lead to infrared sensitivity, then
the regularization with an infrared cut-off 1 should not be used in the first place. To an-
swer this, one can say that, first of all, infrared sensitivity is not systematic in all similar

quantities that are treated by similar methods. We have seen a good example of this in
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this work, which is the two contributions to the scalar damping rate 7, (p): the longitu-
dinal contribution 7 (p) is infrared safe and the transverse contribution ~,, (p) infrared
sensitive, though both are calculated in exactly the same manner. Hence infrared sensi-
tivity may be a feature of the physical quantity in question. Furthermore, we could have
taken the transverse contribution 7, (p), made no expansion in p and tried to determine
it numerically for different values of p without introducing any infrared cutoff. Then the
internal momentum k -integration would not converge, because precisely of the very in-
frared sensitivity. One could argue that the regularization should be different from the
naive introduction of an infrared cut-off. But, in whatever way it is chosen, regularization
will only exhibit a potential infrared sensitivity; it will not remove or cancel it. For that
purpose, some other procedure has to be invoked, and we have never meant to do that.
This particular issue would be pursued elsewhere.

Finally, one may legitimately ask how one circles back from this work to the motivating
issue itself, namely the determination of the longitudinal-gluon damping rate v, (0). The
introduction of an infrared cutoff  means that a given quantity A like the damping rate
or the energy is the sum of two contributions:

A= Aoy + Ayoos (5.8)

where 0 —7 means integration over loop momenta from zero to 7 and 1 — co means integra-
tion from 7 to oo. All our calculations determine only A, and not Ag_,. Two distinct
situations may arise: (i) The limit » — 0 of \;_« is finite, in which case Ao, goes to zero
in this limit and the whole X is safely reached via \;,_ in the limit 7 = 0. This is the case
for v, (p) and w; (p) in the present work. (ii) The limit 7 — 0 of A\,_ is divergent, which
means A\g_, is of significant contribution that must not be neglected. This is the situation
of 74 (p) in the present work and, indeed, of v, (0) in [BY, BG]. In this second case, the
physical A cannot be reached via A, _ in the limit » — 0. This is what could be called
infrared or ultrasoft sensitivity.

In the work [B]] has been derived a Slavnov-Taylor identity for the gluon polarization
tensor in the Coulomb gauge and applied to the next-to-leading-order contribution. The
identity recovers already known transversality conditions, and when applied to the imagi-
nary part of next-to-leading order HTL-summed gluon self-energy, it implies the equality
between the damping rates for non-moving transverse and longitudinal gluons. It is in-
structive to recall the main steps of [B]]. The Slavnov-Taylor identity is:

PTIY) (P) = — [5;132 — PPV 4TIV (P)| 1Y) (P), (5.9)

where H,(ﬁ,) (P) is the full gluon self-energy and Hégg (P) is related to the Coulomb-ghost
self-energy Hég) via the relation Hég) (P) = p' Hégi) (P). Note that identity (B.9) is exact
and valid for all momenta P. In the sequel, concentrate on the soft momentum region.
When reading the identity (b.9) in perturbation in powers of the coupling g, we can deduce

the two already known transversality conditions:

puont) (P)y=0;  PAPYILY) (P) =0, (5.10)

,18,



where 011 is the hard thermal loop and *II the HTL-dressed one-loop-order self-energy. For
the present purposes, we need the Coulomb-ghost self-energy only to lowest order, and it
is derived in [BY] to read:
2
g N.T .. .
o, p' A1
6 onP (5.11)

which is already of order ¢>T and has the limit Hég;z (w,p — 0) = 0. From this we get the

relation [BY]:

1 () - -

B ¢*N.T w

v *11(9)
P Hw (P) % 7

_ w
AL (P) (1, —p) , (5.12)
P/
where *A; is the dressed longitudinal gluon propagator. Since the right-hand side of (5.13)
is real, we immediately obtain:

P’Im *11) (P) = 0. (5.13)
From here, it is straightforward to show that [BY]:

Vg1 (0) = 74 (0), (5.14)

with the same definition of the damping rates as the one adopted in [BH, Bg].

The above arguments are correct and form an important confirmation that, on physical
grounds, the longitudinal and transverse gluon damping rates have to be equal at zero
momentum. We have emphasized on many occasions that any consistent computational
scheme ought to yield this equality. However, the calculation in [BH, Bf] and similar works
are explicit whereas those in [BY are formal: the loop integrals and Matsubara sums are
never done explicitly; no infrared cutoff is introduced to regulate the infrared sector and
there is no mention of what region should be kept in the integral/sum. All these issues are
at the heart of any explicit calculation and have to be dealt with, often case by case: when
sensitivity is expected, different sets of rules can and do lead to different results.

Having found an infrared sensitivity in v, (0)7]_C>O means we must not infer that the
whole 7, (0) is the limit n — 0 of the quantity v, (0),_,, we calculated. Now the iden-
tity (5.14) applies to the whole v, (0) and not to 7, (0),)—oo- From this standpoint, this
identity does not invalidate the finding of [BH, B] but confirms formally the importance
of the ultrasoft contributions v (0)07,7 which we have not calculated. We want to stress
that the result of [B, has never been used to imply a difference between ~,, (0) and
Vot (0): on the contrary, relying on the physical equality between the two, the result has
been used instead to argue for the importance of the ultrasoft region and the sensitivity of
the hard-thermal-loop perturbation to it.

Infrared cutoff regularization has been used as a mean to carry forward with the
calculation beyond leading order. Ideally, one would have preferred to use a regularization
scheme that allows k to run from 0 to co. The introduction by hand of a magnetic mass in
the static magnetic propagator is a possibility, but that has been questioned in the past:
it is not clear that the chromomagnetic effects would manifest themselves only in the form
of a simple shift in the static chromomagnetic propagator. This regularization scheme may

,19,



also have problems with gauge dependence. In any case, even that scheme is not free from
infrared divergences.

One may suggest to use dimensional regularization and there are already explicit ex-
pressions for the dressed propagators in d dimensions, see for example [, i4]. But it does
not seem a priori straightforward to work with on-shell expressions involving both dressed
propagators and vertices, expressions of the generic type

T dk | dQ dQ f (81,5) *A(K) *A
0

knowing that p has to be kept non-zero, even in the calculation of v (0). And even in

the eventuality of these integrals being done, one is not assured of being immune from
infrared sensitivity. Indeed, consider as an example the result in [fJ] for the dimensionally
regulated hard gauge boson damping rate to next-to-leading log order:

_ ¢AN.T

v= . [—1/e—|—ln(m/M)], (5.15)

where N, the number of colors, m the Debye screening mass, M the MS renormalization
scale set at the order of « itself and ¢ = 3 — d. An interplay between the infrared and
ultraviolet divergences occurring in the calculations as explained in [@] removes the infrared
sensitivity of this coefficient to recover the known result estimated by other means [BI],
but the point to retain is that the dimensionally-regulated calculation itself is sensitive to
the regularization scheme. One can argue that matters will be different for the non-moving
plasmon damping rate 7, (0) since, on physical grounds and by gauge invariance, one ought
to get a clean finite number. This is what one hopes for of course, but that remains to be
seen explicitly.

A. The other terms in late momentum expansion

This appendix gives details on how we perform the integrals involved in the late momentum
expansion of the damping rate 7, (p) we have not shown in subsection B.2. We will try to
use as clear and concise a notation as possible.

The second type of integrals we have to deal with is the following:

+o0o +oo
Loy = / dkz/ dwf(k,w,1 —w)p;(w,k)Okps(1 — w, k). (A1)
7

— 00

As before, the discussion has to be carried out contribution by contribution, using the
structure of the spectral functions (B.19) and (B.15). The first contribution to consider is
the one that involves two delta functions

+oo +oo
/ dk/ dw3i f(k,w,1 —w)d (W F w;) Ok [350 (1 — w F wgo)] -
n —00

When the derivative over k is applied to 35(k), we have zero contribution. Indeed, in
order for it to be nonvanishing, the energies must here too satisfy +wso(k) + w;(k) = 1,

,20,



forbidden by kinematics as already mentioned. But when applying the k-derivative to
the delta function, we also have zero contribution. This is simply because there is no
intersection between the supports of the two delta functions, even if they are involved
through derivatives, first order as in here or higher. The other contribution is a cut-residue,
namely

+oo +o0o
/ dk/ dwf(kyw,1 —w)B;(k,w)O (k — |w|) Ok [3s0 (1 — w F wso)] -
n —00

We first apply the derivative over k to 35 and we get the piece

“+o00
/ Ak 3, f (k1 — ws0, ws0) i (ks 1 — wao)
n

where 3. stands for djs(k)/dk. We then apply it to § (1 —w F wso) and use the standard
rules regulating the handling of the delta distribution and we always check the results
by regularizing either the derivative 0y or the delta function itself. Only w = 1 — wy
contributes and we obtain

“+o00
/ 0y 3 B [ (k1 — w,0) s (ko1 — )
n

Putting the above two contributions together, we obtain the following result:

+o0o
Ipakp = / dk [3;f(/€, 1-— Ws0, wso) 61 (/{?, 1-— wso)

n
twiods Ou [f (k1 —w,w) B (k1 — w)lly,,, ] - (A.2)
The third type of integrals we have to deal with is one that involves a second derivative
in k:
“+o00o “+o00o 9
Lopp= [ b [ dop(ht —)p, (k) 0, (1 — k). (A.3)
n —00

The steps to treat the different contributions parallel those followed for 1,5, ,. As explained
before, the § contribution is zero because of kinematics. Therefore, the only contribution
to look at is

+oo +o0o
/ dk / oo f (w0, 1 — w) (k)0 (k — |w]) 02 (506 (1 — w0 F wao)
n —00

We have to use the identity 92 (35 6) = 37 0+ 23/, Oxd + 35 020, where 37 stands for the second

S
derivative of 35 (k). The term involving 37 § yields f:oodkg's/f(k, 1—ws0,ws0) B; (k, 1 — wgp)-
The two other terms 3, 9xd + 35 079 give together the following result

+o0o
/ dk [ (35w + 235who) O + 3swig02] [f(k, 1 — w,w) B; (k,1 — w)]|
n

w=ws0 *

The procedure is to replace 0y by ws00d,, and apply the usual rules regulating the handling
of the delta distribution. Putting the above results together, we obtain:

+oo
Lop, = /n 0k 52 (1 = w0, w30) s (1 = wi0)
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+ [(3swi0 + 285s0) Do + 3500 05] [f (B, 1 — w,w) B; (ky 1 — W)Hw:wso]- (A.4)

Along similar lines we find the integral involving the third derivative in k:
+oo +oo
Lopp= [ dk [ dof(hw1 - )ik, (1 - w.b)
n —00
oo 3 "o 1o (3)
= / dk H g ) (333 Wso + 333 s0 + 3sWs ) 8 (A5)
n
+ (33howll + B3swlowho ) 02 + 3owlod] [F (k1 —w,w) B (k1 = w)]|
and the one involving the fourth derivative:
+o0 +oo
Ipaﬁp = / dk/ dwf(k:, W, 1- w)pi(wa k)algps(l - W, k)
n —00

+o0
- / i | [39 + (4500 + 630wl + 45,00 + 35 F) )
n

<63/sl fo + 125wowlo + s <4W£%)W150 + 3‘4)/5/3)) 9 + (435 Wy + 635%0%0) a;
+ ool | 10 1= w,0) B (1= )]l (A.6)

The next types of integrals we must handle are those coming from deriving the spectral
density py(wso (p) —w, k) in (B.20) and (B.21) with respect to p. It is convenient to handle

these terms by reintroducing § (wso (p) — w — ') and performing the derivative on it. The

first such generic term is:
+o0o +oo +oo
Ippawfs = / dk/ dw/ du'’ 0,0 (1 —Ww—= w,) f(k:,w, W/)pi(w’ k)ps(w/’ k)
n —00 -0
+oo +oo
_ _/ dk/ dw 0, [ £y, pys )] |y ps(1 = w, k). (A7)
n

—00

Here too the residue-residue contribution is zero because of the same kinematics. What

remains to calculate is the cut-residue contribution, which is equal to

+oo +oo
_/ dk/ dw 350, [f(k,w,w")pB; (k,w) O (k — |w|)”w/:17w5(1—w:|:w30)
n 00

and straightforwardly shown to yield:

+oo
JMMz—/ k3 B [ (k, 0, w50) 81 (b )|y - (A8)
n

The other term involves a second order w-derivative; it is worked out straightforwardly:
+o0 +oo +oo
Lypozs = / dkz/ dw/ dw' 926 (1 —w — ') fk,w,w)p;(w, k)p, (W', k)
n —00 -0
+o0 5
S T AT AP LN (A.9)

n
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Last are integrals involving an w-derivative over 0 (1 —w — ') and k-derivatives over p,.

The treatment is similar and straightforward too. With one k-derivative we obtain:

—+00 —+00 —+00
Lo,po.s = / dk:/ dw/ dw' 0,6 (1 —w — w') flk,w, ) p;(w, k)Okps (W', k)
n —00 —00

“+oo
_ / dkls, 0 [f (kyw, ws0)8; (K, @)][ oy oo
n

—35(,();0 O, [aw [f(k7W7W80)ﬁi(k7w)]w:17w’]

(A.10)

w’:wso]’

and with a second-order k-derivative we get:

+oo +oo +o0
Lo2po,6 = / dk/ dw/ dw' 0,6 (1 —w — ') f(k,w,w")p;(w, k)02 p, (v k)
n —00 —00

+00
— —/ dk[ﬁg &u [f(k,waWsO)ﬂi(k’w)HW:l—wso
n

— 25who Our [0 [f (K, w, we0) B (K, w)] o] g
— 3 (w’s’oaw/ + w;%ag,) [3w [f(k,w,wso)ﬁi(/ﬂ,w)]w:kw/]

(A.11)

w’:wso]'

These are generically all the types of integrals we will have to evaluate. In each case,

we have to examine the infrared behavior, i.e., the behavior close to 7. In the eventuality

of the presence of an infrared divergence, we have to extract it analytically. The remaining

finite part of the integral is generally performed numerically.
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